Abstract. We explore properties of braids such as their fractional Dehn twist coefficients, rightveeringness, and quasipositivity, in relation to the transverse invariant from Khovanov homology defined by Plamenevskaya for their closures, which are naturally transverse links in the standard contact 3-sphere. For any 3-braid β, we show that the transverse invariant of its closure does not vanish whenever the fractional Dehn twist coefficient of β is strictly greater than one. We show that Plamenevskaya's transverse invariant is stable under adding full twists on n or fewer strands to any n-braid, and use this to detect families of braids that are not quasipositive. Motivated by the question of understanding the relationship between the smooth isotopy class of a knot and its transverse isotopy class, we also exhibit an infinite family of pretzel knots for which the transverse invariant vanishes for every transverse representative, and conclude that these knots are not quasipositive.
Introduction
Khovanov homology is an invariant for knots and links smoothly embedded in S 3 considered up to smooth isotopy. It was defined by Khovanov in [Kho00] to be a categorification of the Jones polynomial. Khovanov homology and related theories have had numerous topological applications, including a purely combinatorial proof due to Rasmussen [Ras10] of the Milnor conjecture (for other applications see for instance [Ng05] and [KM11] ). In this paper we will consider Khovanov homology calculated with coefficients in Z and reduced Khovanov homology with coefficients in Z/2Z.
Transverse links in the contact 3-sphere are links that are everywhere transverse to the standard contact structure induced by the contact form ξ st = dz + r 2 dθ. Bennequin proved in [Ben83] that every transverse link is transversely isotopic to the closure of some braid. Furthermore, Orevkov and Shevchisin [OS03a] , and independently Wrinkle [Wri02] , showed that there is a oneto-one correspondence between transverse links (up to transverse isotopy) and braids (up to braid relations, conjugation, and positive stabilization). Hence we can study transverse links by studying braids. Plamenevskaya used this to observe in [Pla06] that Khovanov homology can be used to define an invariant of transverse links. Given a braid β whose closure β is transversely isotopic to a transverse link K, she showed that there is a distinguished element ψ(β) in the Khovanov chain complex CKh( β) whose homology class ψ(β) in the Khovanov homology of K is a transverse invariant that encodes the classical self-linking number. Plamenevskaya also defined a version of this transverse invariant in reduced Khovanov homology, which we will denote as ψ (β), see Section 2.2.1.
A transverse invariant is called effective if it can distinguish between a pair of smoothly isotopic but not transversely isotopic links with the same self-linking number. It is an open question whether ψ is an effective transverse invariant. Several efforts [LNS15, Wu08, HS16, Col17] have been made to both understand the effectiveness of ψ and to define new invariants related to ψ in the hope that one of these would be effective. Thus far these efforts have not yielded any transverse invariants arising from Khovanov-type constructions that are known to be effective or not. However, ψ has other applications. For instance, ψ and one of its refinements provide new solutions to the word problem in the braid group [BG15] , [HS16] .
One of the goals in this paper is to explore the following question:
Question 1.1. Given a transverse knot K, what properties of K does ψ(K) detect?
In [Pla15] , Plamenevskaya explored Question 1.1 for another transverse invariant,θ, arising from knot Floer homology [OST08] , which she computed using Z/2Z coefficients. In contrast to ψ,θ is known to be effective [NOT + 08]. Plamenevskaya showed that given a transverse link K with a braid representative β, the behavior ofθ(K) is related to dynamical properties of β when β is viewed as acting on the n-punctured disk D n . Informally, the fractional Dehn twist coefficient of a braid β measures the amount of rotation β effects on the boundary of the punctured disk D n , see Section 2.5. The fractional Dehn twist coefficient can be defined in general for elements in the mapping class group of any surface Σ with a single boundary component. As all right-veering braids have fractional Dehn twist coefficient greater than or equal to 0, see [EHM + 15], Theorem 2 allows us to conclude that, roughly, "most" right-veering braids have non-vanishingθ. Theorem 2 is similar in flavor to a previous result about contact structures: work of Honda, Kazez, and Matić in [HKM08] , together with that of Ozsváth and Szabó in [OS04] proves that a contact structure supported by an open book decomposition with connected binding, where the pseudo-Anosov monodromy has fractional Dehn twist coefficient greater than or equal to one, has non-vanishing Heegaard Floer twisted contact invariant.
On the other hand, it is known that ψ does not vanish for transverse links that have a quasipositive braid representative [Pla06] and that it does vanish for transverse links with non-right-veering braid representatives [BG15] and links with n-braid representatives that are negative stabilizations of an (n − 1)-braid [Pla06] . See Section 2.5 for more background. These properties also hold for ψ .
In this paper we first consider the behavior of ψ and ψ with respect to the property of being right-veering and the fractional Dehn twist coefficient, and study the extent to which the analogous statements of Theorem 1 and 2 hold.
A calculation (see Section 5) shows that the statement corresponding to Theorem 1 is not true for ψ (nor ψ ): there exist right-veering 3-braids, namely the family ∆ 2 σ −k 2 for sufficiently large k ∈ N, for which ψ and ψ vanish on their closures.
We show that, however, for 3-braids the result that corresponds to Theorem 2 does hold:
Theorem 3. Suppose K is a transverse knot that has a 3-braid representative β with fractional Dehn twist coefficient τ (β) > 1. Then ψ(K) = 0 (when computed over Q, Z, and Z/2Z coefficients), and ψ (K) = 0.
Our second result shows a "stability" property of ψ under adding a sufficient number of negative or positive twists on any number of strands to an arbitrary braid word.
Theorem 4. Let L be any closed braid βα ± with β of strand number b and α ± of strand number a < b consisting of positive/negative sub-full twists
where
Furthermore, we have concrete bounds for N based on the number of negative/positive crossings in β. Throughout the rest of the paper, we will refer to these sorts of "full" twists on fewer than the full number of strands as "sub-full" twists. This theorem means that after adding a large enough number of sub-full twists, the transverse invariant stabilizes. This echoes the results by [CK05] which demonstrates a stability behavior of the Jones polynomial of a braid under adding full twists on any number of strands, and [Stǒ07] which considers stability in the Khovanov homology of infinite torus braids.
Note that Theorem 4 is immediate if the twists we add are full twists on b strands instead of subfull twists. Indeed, adding sufficiently many positive full twists to any braid will result in a positive braid, which has non-vanishing ψ. Similarly, adding sufficiently many negative full twists to any braid will result in a non-right-veering braid, which has vanishing ψ, and the non-right-veeringness will be preserved under adding even more negative twists.
As an application of Theorem 4, we find many examples of braids which are right-veering but not quasipositive, see Section 5, which shows that ψ may be used to detect quasipositivity. In general, it is of interest -particularly to contact geometers -to detect braids that are right-veering but not quasipositive. Indeed, this was a main theme of the work of Honda, Kazez, and Matić in [HKM08] : the idea is that the difference between right-veering and quasipositive braids reflects the difference between tight and Stein fillable contact structures.
For 4-braids we have:
Proposition 5. There exist families of 4-braids,
Proposition 5 allows us to conclude that an infinite collection of non-quasipositive 4-braids with fractional Dehn twist coefficient greater than one have non-vanishing ψ. Using functoriality allows us to conclude that any braid that has a word of the form ∆ 2 σ where σ contains only positive powers of σ 1 and σ 2 but arbitrarily many negative powers of σ 3 has non-vanishing ψ. Many such braids are not quasipositive, and thus ψ does not primarily detect quasipositivity. We remark that in general, it is not known whether sufficiently large fractional Dehn twist coefficient guarantees non-vanishing ψ. For instance, it may be that n being large enough for the braid 2n (σ 2 σ 3 ) −k guarantees ψ( 2n (σ 2 σ 3 ) −k ) = 0 regardless of k. The behavior of ψ and ψ for the family η k allows us to conclude thatθ and ψ can differ for braids with more than three strands.
A different perspective on Question 1.1 is whether one can characterize smooth link types for which every transverse representative has vanishing ψ. In some sense, this question is asking about properties of smooth link types in which ψ has no chance of distinguishing between distinct transverse representatives. Notice that every link type has infinitely many distinct transverse representatives, and some transverse representative for which ψ vanishes. For instance, one can always negatively stabilize a braid β to yield β with ψ(β ) = 0, another braid representative of the link represented byβ. The transverse linkβ is not transversely isotopic toβ as their self-linking numbers differ by two [OS03a] , [Wri02] .
One way to explore this question is by examining the relationship between the Khovanov homology of a smooth link type L and its maximal self-linking number, see Definition 6.1. This quantity is of natural interest since it provides bounds on several topological link invariants, including the slice genus, see [Rud93] and [Ng08] . The distinguished element ψ in the Khovanov chain complex of a transverse representativeβ of L lives in homological grading 0 and quantum grading the self-linking number ofβ. We have the following immediate observation. Remark 1.2. Suppose the maximal self-linking number of L is n. If every nontrivial homology class in homological grading 0 of the Khovanov homology of L has quantum grading strictly greater than n, then ψ vanishes for every transverse representative of L. Example 1.3. According to Proposition 4 of [Ng12] , the mirror of the knot 11n33, which we denote 11n33, has maximal self-linking number −7. Using the Khovanov polynomial for 11n33 in KnotInfo [CL] , we see that in homological grading 0, the Khovanov homology of 11n33 is empty for q-grading less than −3. We can conclude that every transverse representative of 11n33 has vanishing ψ.
We describe an infinite family of 3-tangle pretzel knots for which ψ = 0 for every transverse representative by Remark 1.2 and give conditions on the parameters of pretzel knots that guarantee that ψ vanishes for every transverse representative of L using the bound on the maximal selflinking number by Franks-William [FW87] , Morton [Mor86] , and Ng [Ng05] from the HOMFLY-PT polynomial.
Theorem 6. Let K = P (r, −q, −q) be a pretzel knot with q > 0 odd and r ≥ 2 even, then ψ = 0 for every transverse link representative of K.
We conclude that every such pretzel knot has no quasipositive braid representatives and hence is not quasipositive, see Corollary 14 and the following discussion. Preliminary computational evidence based on the braid representatives of K from the program by Hilary Hunt available at https:// tqft.net/web/research/students/HilaryHunt/ [Hun14] implementing the Yamada-Vogel algorithm suggests that the fractional Dehn twist coefficient of this family may always be less than or equal to one. This is also true for another braid representative σ 1 σ 1 σ 1 σ
4 [CL] for 11n33 from Example 1.3 which in fact has fractional Dehn twist coefficient equal to 0. It seems possible that this is a characterization of links for which every single braid representative has ψ = 0, and we will address this question in the future.
Organization. This paper is organized as follows: we give the preliminary background on Khovanov homology, reduced Khovanov homology, and the transverse invariant in Section 2, and we prove Theorem 3 in Section 3. We prove Theorem 4 in Section 4, and we collect a few examples and prove Theorem 5 in Section 5. Finally, we prove Theorem 6 in Section 6, where the necessary results on the maximal self-linking number and the HOMFLY-PT polynomial are summarized.
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Background
In this section we will set our conventions and briefly review Khovanov homology, the transverse invariant defined by Plamenevskaya [Pla06] , and standard tools used for computing the invariant. We will also review the definitions of quasipositivity, right-veering, and the fractional Dehn twist coefficient.
2.1. Khovanov homology. The readers may refer to [BN02] , [Tur17] for excellent introductions to the subject. Given a crossing in an oriented link diagram D, a Kauffman state chooses the 0-resolution or the 1-resolution as depicted in the following figure, which replaces the crossing by a set of two arcs. Number the crossings of D from 1, . . . , n. Each Kauffman state σ on D can be 0-resolution 1-resolution
represented by a string of 0 and 1's in {0, 1} n where 0 at the ith position means that the 0-resolution is chosen at the ith crossing of D and similarly 1 at the ith position means that the 1-resolution is chosen at the ith crossing. The bi-graded chain complex CKh(D) is generated by a direct sum of Z-vector spaces associated to a Kauffman state σ.
where CKh(D σ ) is defined as follows. Let s σ (D) be the set of disjoint circles resulting from applying the Kauffman state σ to D, and let |s σ (D)| be the number of circles. Then
where V is the free graded Z-module generated by two elements v − and v + with grading p such that p(v ± ) = ±1. The grading is extended to the tensor product by the rule
Let r(σ) be the number of 1's in the string in {0, 1} n representing a Kauffman state σ. Two gradings i, j are defined on CKh(D) as follows. The homological grading i is defined by i(v) = r(σ) − n − (D), where σ is the state giving rise to the vector space V ⊗|sσ(D)| containing v, while the quantum grading j is defined by 
where σ and σ c differ in their resolution at exactly one crossing c where σ chooses the 0-resolution and σ c chooses the 1-resolution. From σ to σ c , either two circles merge into one or a circle splits into two. In the first case, the map d c contracts V ⊗ V , representing the pair of circles in s σ (D), to V , representing the resulting circle in s σc (D) by the merging map m as defined below.
In the other case where a circle splits into two, d c is given by the splitting map taking V → V ⊗ V as follows. 
where v − is the element corresponding to the vector space assigned to σ(m), and let CKh(D) be the quotient complex CKh(D)/CKh(D, −). Reduced Khovanov homology is generated by CKh(D) with the differential d descending to the differential d on the quotient complex. When the vector space CKh(D) is generated as a direct sum of Z/2Z-vector spaces, Kh(D) is an invariant of the link represented by L, independent of the placement of the marked point [Kho03] . Thus, we will denote by Kh(D) the reduced Khovanov homology with Z/2Z-coefficients. We will also adopt the convention of shifting the quantum grading by -1, see for example [BP10] so that the homology of the unknot is at grading i = 0, j = 0 in this theory.
The transverse element.
Here we follow the conventions of Plamenevskaya [Pla06] except for a minor change in notation. In her paper the bi-grading is indicated as Kh i,j , whereas in this paper the homological grading is placed on top as Kh i j . Let β be a braid representative of a link L giving a closed braid diagramβ of L. Consider the oriented resolution, the Kauffman state σ β ofβ where we take the 0-resolution for each positive crossing and the 1-resolution for each negative crossing.
Definition 2.1. The transverse invariant of a closed braid representative β of L, denoted by ψ(β), is the homology class in Kh(L) of the following element in the vector space associated to σ β :
Plamenevskaya has shown that this is, up to sign, a well-defined homology class in Kh(L) 
Note b is the strand number of β.
To simplify the notation, we will omit the hat "ˆ" in ψ(β) and simply write ψ(β).
2.2.1. The reduced version. In the reduced setting, the transverse invariant of a closed braid representativeβ of L, denoted by ψ (β), is the homology class (up to sign) in Kh(L) of the following element in the vector space associated to σ β
where v + corresponds to the element in the vector space V associated to the marked circle of σ β . Note that ψ (β) lives in quantum grading sl(β) + 1.
2.3. Functoriality and properties of ψ. Using the map on Khovanov homology induced by a cobordism between a pair of links, Plamenevskaya proved the following useful result for computing ψ.
Theorem 7. [Pla06, Theorem 4] Suppose that the transverse linkβ − represented by the closure of the braid β − is obtained from another transverse linkβ, also represented by a closed braid, by resolving a positive crossing (note that it has to be the 0-resolution). Let S be the resolution cobordism, and f S : Kh(β) → Kh(β − ) be the associated map on homology, then
A consequence of this is that if ψ(β) = 0 then ψ(β − ) = 0. Similarly, suppose thatβ + is obtained fromβ by resolving a negative crossing, then ψ(β) = 0 implies that ψ(β + ) = 0. When we use this property in our computations, we will often cite it as "functoriality". Furthermore, this property holds for both the unreduced and reduced versions of the transverse element in the corresponding versions of Khovanov homology. We have the induced long exact sequence below [Wat07] , also called the "skein exact sequence." See [Ras05] for an alternate formulation using the oriented skein relation for the Jones polynomial.
( 
These grading shifts can be understood by first considering the shifts of the maps in the exact sequences before incorporating the final shifts in i of −n − and in j of n + − 2n − , and then incorporating those final shifts carefully, keeping in mind that the number of positive and negative crossings in the different diagrams is not the same. Note that the same long exact sequence will hold for reduced Khovanov homology, and over different coefficients.
2.5. Quasipositivity, right-veeringness, and the fractional Dehn twist coefficient. Definition 2.3. A quasipositive n-braid is a braid that can be expressed as a product of conjugates of the standard positive Artin generators σ 1 , . . . , σ n−1 .
A link is called quasipositive if it is the closure of a quasipositive braid. One reason that quasipositive knots are of interest is that their slice genus can be computed from one of their quasipositive braid representatives [Rud93] . While there are obstructions to quasipositivity, there are no known algorithms to determine whether a given link is quasipositive or not.
We now define the concept of a "right-veering" braid. To do this we consider the action of the n-braid monodromy on the disk D n with n punctures. (Recall that the braid group B n is naturally isomorphic to the mapping class group of D n , see [BB05] for more details.) We call an arc in D n starting at a point on ∂D n and ending at a puncture while avoiding all other punctures simply an "arc on D n ". We say that an arc η is "to the right" of an arc γ in D n if, after pulling tight to eliminate non-essential intersections, η and γ originate from the same point on ∂D n , and the pair of tangent vectors (η,γ) at their initial point induces the original orientation on the disk. See [BG15] and [Pla15] for more details. With this terminology in place, we have: Definition 2.4. An n-braid is right-veering if, under the action of the braid, every arc on D n is sent either to an arc isotopic to itself or to an arc to the right of itself.
All quasipositive braids are right-veering, but not all right-veering braids are quasipositive. Recall from the introduction that detecting braids that are right-veering but not quasipositive is generally of interest -see [HKM08] .
Finally, we discuss the fractional Dehn twist coefficient, which we will often abbreviate from here on out as the FDTC. If h is any element of the mapping class group of a surface with one boundary component, we denote its FDTC by τ (h). It roughly measures the amount of twisting effected by the mapping class about the boundary component of the surface. The concept first appeared (though in quite different language) in the work of Gabai and Oertel in [GO89] . We give here a non-classical definition for braids involving a left order on the braid group as it requires little background. There are several other more geometrically flavored definitions that generalize easily beyond braids to more general mapping class groups. For instance, one way to define the FDTC involves using lifts of the braid to the universal cover of the punctured disk to define a map Θ : B n → Homeo + (S 1 ); the FDTC is then defined to be the translation number of Θ. For a more thorough discussion of this and alternate definitions, see [Mal04] , [IK17] , and [Pla15] .
First, a σ i -positive n-braid is one that, for some i such that 1 ≤ i < n, can be written with no σ ±1 j 's for j < i and only positive powers of σ i . We say that a braid β ∈ B n is Dehornoy positive, that is, β > 1, if it can be written as a σ i -positive word. Dehornoy proved in [Deh94] that this can be used to define a total left-order on the braid group (an order on all of the elements of the braid group that is invariant by multiplication on the left) via the following: we say α < β if α −1 β > 1. This order is often called the Dehornoy order on the braid group.
The element (σ 1 · · · σ n−1 ) n is referred to as the full twist in the braid group B n , and is denoted by ∆ 2 . The existence of the Dehornoy order on the braid group implies that for every braid β ∈ B n , there is a unique integer m such that ∆ 2m ≤ β < ∆ 2m+2 . We denote m as β . Malyutin observed in [Mal04] that:
Definition 2.5. The fractional Dehn twist coefficient is, for each β ∈ B n :
The following proposition summarizes some basic properties of the FDTC:
[See for instance [HM18] .] For any two braids α, β in B n , we have:
• τ (β n ) = nτ (β).
• τ (∆ 2 β) = 1 + β.
We also have the following result due to Malyutin. for some i ∈ {1, . . . , n − 1}, then −s ≤ τ (β) ≤ r. In particular, if a braid word β ∈ B n is σ i -free (meaning: it contains no σ i or σ −1 i ) for some i ∈ {1, . . . , n − 1}, then τ (β) is 0. This follows immediately:
Proposition 10. Suppose an n-braid β n,k has a word of the form ∆ 2n (α) k for α any σ i -free word, n and k integers. Then τ (β n,k ) is n.
3-braids
We first determine ψ, ψ for closed 3-braids of the form 2 σ 1 σ −k 2 for k > 0. The reader may skip to Section 3.2 to see how these braids come up in the proof of Theorem 3.
3.1.
when computed over Q, Z, and Z/2Z coefficients, and
Recall that ψ is the reduced version of the transverse invariant. For the definitions, details, and background of many of the notions used in this proof, see the references cited.
Proof. Notice first that for k odd, the 3-braid ∆ 2 σ 1 σ −k 2 closes to a knot rather than to a link. In [Bal08] , Baldwin showed that the family of 3-braids
where the a i ≥ 0 and some a j = 0 is quasi-alternating if and only if d ∈ {−1, 0, 1}. By work of Manolescu and Ozsváth in [MO08] , quasi-alternating links are Khovanov homologically σ-thin. This means that the reduced Khovanov homology over Z takes a particularly simple form: supported on only one diagonal j − 2i grading where j − 2i = σ the signature of the link 2, .
3
As a consequence of the long exact sequence established by Asaeda and Przytycki in [AP04], Lowrance observed that [Low11, Corollary 2.3] reduced Khovanov homology over Z has support in grading j − 2i = σ if and only if Khovanov homology over Z has support in gradings j − 2i = σ + 1 and j − 2i = σ − 1. This implies that the Khovanov homology over Q also only has support in the same gradings. Recall also that Rasmussen's s-invariant [Ras10] is defined to be the maximum jgrading minus one (inherited from the Khovanov complex over Q) of the element in the Lee complex that contributes to Lee homology [Lee05] . Lee homology for knots is particularly simple, and is only supported in i-grading 0 [Lee05] . Hence for Khovanov σ-thin links, Rasmussen's s-invariant is defined to be the signature σ. 2 There are two convention discrepancies between this definition and the cited paper; we are using here the conventions that seem to now be in most common use. In [MO08] , they consider the grading j − i instead of j − 2i where j = j 2
. Their theorem as stated in the paper is that the reduced Khovanov homology over Z is supported only in grading j − i = − σ 2 for quasi-alternating links, or in our grading notation, j − 2i = −σ. The sign discrepancy is explained by the fact that they take the opposite sign convention for the signature as we do: we take as our convention that positive knots have positive signature. 3 We note that in this proof, the symbol σ is used to denote only the signature of a link and should not be confused with Kauffman states or braid generators. 4 This theorem as stated is for reduced Khovanov homology over Z/2Z coefficients. However, notice that the proof also explicitly covers the case for Khovanov homology over Q coefficients and Z/2Z coefficients.
Proof of Theorem 3. We restate the theorem for convenience:
Theorem 3. Suppose K is a transverse knot that has a 3-braid representative β with fractional Dehn twist coefficient τ (β) > 1. Then ψ(K) = 0 when computed over Q, Z, and Z/2Z coefficients, and ψ (K) = 0.
Proof. We will write this proof only for ψ; it is identical for ψ . According to Murasugi's classification of 3-braids [Mur74] , every σ ∈ B 3 comes in the following types up to conjugation:
where a i ≥ 0 for all i and some a i > 0, b) ∆ 2d σ m 2 where m ∈ Z, and c) ∆ 2d σ m 1 σ
−1
2 where m = −1, −2, −3, where d can take on any integer value. Recall that ψ is invariant under conjugation, so whichever of these conjugacy classes σ belongs to determines ψ(σ). The FDTC is also invariant under conjugation, and hence whichever of these conjugacy classes σ belongs to determines its FDTC.
All braids in classes (a) and (b) have FDTC d, since 
General stability
We prove Theorem 4 in this section. Note in general that we have the following bounds on Kh i j . Let D be a diagram of a link K, Kh i j (D) = 0 if i or j are outside of the following bounds.
4.1. Negative sub-full twists. Let β be a braid of strand number b and let 2 ≤ a < b. Let k be a positive integer, and write k = (a − 1) + r, so r = k mod (a − 1). We consider the closed braid D k obtained by adding to β the following braid
i+r−1 ) of strand number a, with 1 ≤ i ≤ b − a + 1, and then taking the closure.
We denote by D k 0 and D k 1 the link diagrams obtained by taking the 0-resolution and the 1-resolution, respectively, at the crossing σ 
where D k 0 is a particular diagram isotopic to D k 0 , obtained by isotoping the cap through the rest of the braid α − resulting from choosing the 0-resolution at the crossing σ Proof. Denote the strands of the braid D k by S 1 , . . . , S b . We follow the isotopy of the cap resulting from choosing the 0-resolution at the crossing σ We use the long exact sequence in Khovanov homology at a distinguished negative crossing (1).
, the long exact sequence takes the form:
Then we show that with k large enough, Proof. We need to show
Let n − (D k ) be the number of negative crossings of D k in the subset α − and n
be the number of positive/negative crossings of D k in the subset β. We rewrite the inequality as
We can certainly make the last inequality true by making k large enough so that
Proof of Theorem 4 for adding negative sub-full twists.
Proof. Let L m ± = β(α ± ) m as in the statement of the theorem. Choose large enough m so that
by Lemma 4.2. The conclusion of the theorem follows.
4.3. Positive sub-full twists. This proof is analogous to the one for negative sub-full twists; the primary difference is that we use the long exact sequence at a distinguished positive crossing (2) with
, and we show that −u < −n − ( D k 1 ) instead of the bound on the homological degree on the other side as the isotopy that simplifies D k 1 to D k 1 will reduce the number of negative crossings. We use the same notation as before for indicating the positive/negative crossings in different regions of the braid.
We consider the closed braid D k obtained from adding to β the following braid
of strand number 2 ≤ a < b, with k = (a − 1) + r, and then taking the closure. Let D k 1 be the link diagram obtained by choosing the 1-resolution at the crossing σ i+r−1 . We obtain the analogous
with n − ( D k 1 ). The argument is similar except that the cap from choosing the 1-resolution at σ i+r−1 is now over the other braid strands. The inequality follows that
4.4. Stability for the reduced version. Note that we have the same bounds for reduced Khovanov homology with Z/2Z coefficients on the homological grading:
. Thus the same proof as above goes through to show stability for ψ under adding positive/negative sub-full twists using the long exact sequence for the reduced version.
Applications and examples
In this section we apply the collection of tools we now have to determine the behavior of ψ and ψ for a few families of closed braids, and draw conclusion about their quasipositivity and rightveeringness. For ψ , we use Baldwin's program together with the stability behavior of ψ proved in Section 4; for ψ, we will use by-hand computation with stability. For instance, one can determine the behavior of ψ and ψ for the 3-braid family from Theorem 11 in this way, as it is possible to check that ψ does not vanish for ∆ 2 σ 1 σ −8 2 using Baldwin's program, and ψ = 0 by hand. In cases where the bound in Section 4 would require checking an example with too many crossings for Baldwin's program to handle, it is sometimes still possible to use the same general approach to get more precise information, as we do in subsection 5.3 for ψ for a family of 4-braids.
A collection of examples.
The first four columns of the following table denote the number of strands of the braid, the word template for the braid family that we consider, the behavior of ψ and ψ for these braids that we are able to determine, 5 and the methods used to obtain these results: "Prog." stands for Baldwin's program for ψ and "Comp." stands for a by-hand computation for ψ. Wherever we claim that ψ dies due to a by-hand computation, we provide the element that kills it in subsection 5.2. The fifth column gives the writhe of the braid, and the sixth and seventh columns determine whether the braid is quasipositive and/or right-veering, if possible, along with the method used. We have:
• Braid families that are right-veering but not quasipositive (the first six).
• Braid families that are not quasipositive and have positive writhes (the last three).
No, all k, ψ/ψ ? Table 1 .
5 While we have no examples where the behaviors of ψ and ψ differ, we know of no mathematical reason why their behaviors should always match. 6 Using the fact that ∆ 2 (σ2σ3)
Recall that it is of interest to detect braids that are right-veering but not quasipositive -see subsection 2.5. Baldwin and Grigsby proved in [BG15] that if a braid is not right-veering, then it has vanishing ψ. Their proof would apply just as well to ψ . Hence if a braid has non-vanishing ψ or ψ , it is guaranteed to be right-veering. Notice also that if one has a braid with negative writhe, then it cannot be quasipositive. Thus ψ or ψ together with the writhe can be used to detect braids that are right-veering but not quasipositive, as is done in the second through fourth examples in the table. However, it is also possible for ψ and ψ to vanish for braids that are right-veering but not quasipositive, as can be seen in the first, fifth, and sixth examples in the table. In these cases we were able to determine that the FDTCs for these braid families were greater than or equal to one, which implies that these braids are indeed right-veering [HKM08] .
In the case where a braid has positive writhe, ψ or ψ can be of use to detect non-quasipositivity. Indeed, Plamenevskaya proved in [Pla06] that if a braid is quasipositive, then it has non-vanishing ψ, and her proof applies equally well to ψ . The last three examples in the table have arbitrarily large writhes but also have vanishing ψ and ψ , and hence are not quasipositive. We chose these examples as it is not obvious by simply manipulating the braid words that they are not quasipositive; there should be many more such examples.
5.2. Elements killing ψ for the above examples. We will number the state circles of the states and indicate in the parenthesis which circles are marked with a + in the grading i = 0, j = sl(β). A dot indicates that the 1-resolution is chosen at the crossing. Without the dot, the 0-resolution is chosen.
3-braid σ 1 σ 2 σ 2 σ 1 σ Figure 4 . Red edges indicate crossings on which the 0-resolution is chosen, and the blue edges indicate crossings on which the 1-resolution is chosen.
See Figure 4 for the numbering of the circles for these states.
All the circles of all these states are marked with a −. Note that the same elements would map to ψ regardless of k. 4-braid σ 1 σ 2 σ 3 σ 3 σ 2 σ 1 σ 
All the circles of all these states are marked with a −. 6-braid σ 4 σ 1 σ 2 σ 4 σ
All the circles of all these states are marked with a −.
5.3.
A four-braid example. Proposition 5 follows from applying functoriality and stability to α k = 2 σ −k 2 and η k = 2 (σ 2 σ 3 ) −k in Table 1 and the following theorem. Theorem 12. The 4-braid family
where k ∈ N satisfies ψ (β k ) = 0.
Notice that for k > 12, β k is not quasipositive since the writhe is 12 − k < 0, so Theorem 12 gives an infinite family of non-quasipositive braids with non-vanishing ψ .
Proof. First, using Baldwin's computer program, we determine that ψ (β 9 ) = 0.
By functoriality this guarantees that ψ (β k ) = 0 for all 1 ≤ k < 9. We will induct on k for all k > 9.
Similar to the notation introduced in Section 4, let D k 0 and D k 1 be the knots or links that are obtained by replacing the last crossing of β k with its 0-and 1-resolutions, respectively, and taking the closure, where D k 1 = β k−1 . We orient D k 1 with the same orientation as β k−1 (all strands oriented downwards). We orient D k 0 so that all three outer strands are oriented downwards above the braid word. We first observe that for all k > 1, D k 0 is isotopic to the disjoint union of the unknot, oriented counter-clockwise, and the Hopf link σ 2 1 . So the reduced Khovanov homology over Z/2Z of D k 0 is:
In addition, the number of negative crossings in D k 0 is 6 for all k > 1. We are interested in Kh( β k ) in homological grading 0 and q-grading the self-linking number of β k plus one, so i = 0 and j = −4 + 12 − k + 1 = 9 − k. The long exact sequence (1) for reduced Khovanov homology corresponding to taking the resolution of the last negative crossing in the word then takes the following form:
Using the information on the reduced Khovanov homology over Z/2Z of D k 0 , the long exact sequence becomes 
This isomorphism is induced by the map that naturally sends ψ (β k−1 ) to ψ (β k ). Hence since ψ (β 9 ) ∈ Kh 0 0 ( β 9 ) is non-zero as computed earlier, the isomorphism implies that ψ (β k ) ∈ Kh 0 9−k ( β k ) is non-zero for all k ≥ 10.
Bennequin-type inequalities and the maximum self-linking number
In this section we prove Theorem 6. We will first give the necessary background on the maximal self-linking number and recall some results which bound the maximal self-linking number using the HOMFLY-PT polynomial of the link. We follow the conventions of the Knot Atlas [KAT] for the HOMFLY-PT polynomial.
Recall the self-linking number sl(L) of a transverse link L as defined in Definition 2.2.
Definition 6.1. The maximal self-linking number, sl(L) of a smooth link L is the maximum of sl(L) taken over all transverse link representatives L of L.
Let P L (a, z) be the HOMFLY-PT polynomial of a smooth link L, normalized so that P = 1 for the unknot and defined by the following skein relation.
The pictures , , and indicate smooth links L + , L − , and L 0 where L + and L − differ by switching a crossing, and L 0 is the link resulting from choosing the oriented resolution at the crossing.
By [FW87] and [Mor86] , we have the following inequality.
where deg a (P L (a, z)) is the maximum degree in a of P L (a, z).
Ng also provides a skein-theoretic proof that unifies several similar inequalities in [Ng08] . The transverse element ψ(β) for a braid representative β of L is always supported in the grading i = 0 and j = sl(β) in Kh(L) [Pla06, Proposition 2]. Recall that by Remark 1.2, this means that if Kh 0 j (L) = 0 for all j ≤ sl(L), then ψ(β) = 0 for every braid representative β of L.
Consider the 3-tangle pretzel knots K = P (r, −s, −t) where r > 0 is even and s, t > 0 are odd. Our convention is illustrated in Figure 5 below. Since K is a negative knot by the standard pretzel Thus
and Kh(K) can only have nontrivial homology groups for i = 0 at j = 1 − s − t, 1 − s − t − 2. Before proving Theorem 6, it is helpful to see an example in the P (2, −5, −5) pretzel knot.
Example 6.2. The pretzel knot K = P (2, −5, −5). Kh(K) has nontrivial homology groups supported in i = 0, j = −11 and i = 0, j = −9, and trivial homology groups for all other j when i = 0. It has HOMFLY-PT polynomial [KAT] with all negative coefficients. If q > 1 is even, then with the orientation given that makes all the crossings negative, deg a (P T 2,−q (a, z)) = q + 1, with all positive coefficients.
Proof. We give a proof here by induction. The base cases are q = 2 and q = 3. We see respectively [KAT] that P T 2,−2 (a, z) has all positive coefficients with the term of the highest a-degree given by + a 3 z . Similarly, P T 2,−3 (a, z) has all negative coefficients with the term of the highest a-degree: −a 4 . For P T 2,−q (a, z), where q > 3, we expand a single crossing by (4). This gives that (5) P T 2,−q = a 2 P T 2,−(q−2) − azP T 2,−(q−1) .
Assuming the induction hypothesis, we have deg a P T 2,−(q−2) (a, z) = q − 1 with all positive/negative coefficients for even/odd q −2. Similarly, we have deg a P T 2,−(q−1) (a, z) = q with all negative/positive leading coefficients for odd/even q − 1. Plugging this into (4) gives that there is no cancellation between the terms with the maximal a-degree q + 1, and the coefficients are either all positive when q is even, or all negative when q is odd.
Now we show Theorem 6, which we reprint here for reference.
Theorem 7. Let K = P (r, −q, −q) be a pretzel knot with q > 0 odd and r ≥ 2 even, then ψ = 0 for every transverse link representative of K.
Proof. We apply relation (4) to the top left negative crossing of P (r, −q, −q). and D 0 is the diagram of the torus link T 2,−2q with the orientation as in Figure 6 . By Lemma 6.3 we know that deg a P T 2,−2q (a, z) = 2q + 1. We first consider P (2, −q, −q). Switching the top left negative crossing results in D + being a connected sum of 2 T 2,−q 's, and D 0 is T 2,−2q . Therefore deg a P D + (a, z) = 2q + 2 as the HOMFLY-PT polynomial of a connected sum is the product of the individual HOMFLY-PT polynomials, and deg a P D 0 (a, z) = 2q + 1. This clearly shows deg a P D (a, z) = 2 + deg a P D + (a, z) = 2q + 4.
For even r > 2 we may now induct on r. Indeed, notice that switching the top left negative crossing of P (r, −q, −q) yields that D + is simply P (r − 2, −q, −q) and that D 0 is still T 2,−2q . Thus we obtain that sl(P (r, −q, −q)) ≤ − deg a (P K (a, z)) − 1 ≤ −2 − r − 2q − 1 by Theorem 13.
On the other hand, there are only two possible nontrivial homology groups for i = 0 with jgrading equal to |s 1 (D)| − n − (D) = 1 − 2q and −1 − 2q in Kh(P (r, −q, −q)). We apply Remark 1.2 to finish the proof of the theorem.
Recall that any transverse link L with a quasipositive braid representative β satisfies that ψ(L) = 0 [Pla06] . Thus Theorem 6 directly implies that no transverse representative of such P (r, −q, −q) has a quasipositive braid representative. We can conclude that as a smooth link, P (r, −q, −q) is not the closure of a quasipositive braid, and so: Corollary 14. Every 3-tangle pretzel knot of the form P (r, −q, −q) with q > 0 odd and r ≥ 2 even is not quasipositive.
Recall that P (r, −q, −q) is a negative knot. We thank Peter Feller for the observation that another argument can be made to show that, in general, any negative knot that is quasipositive must be the unknot (using the fact that any negative knot is strongly quasinegative [Nak00] , [Rud99] and facts about the behavior of the Ozsváth-Szabó concordance invariant τ [OS03b] for quasipositive and strongly quasinegative knots). Our proof method for Corollary 14 is clearly of a very different flavor, as we do not depend on tools from Heegaard Floer homology or fourdimensional topology. See also [BBG17] for a discussion of the strong quasipositivity of 3-tangle pretzel knots, up to mirror images.
To understand these examples better, we consider the FDTCs of some braid representatives of these pretzel knots which do not admit a transverse representative with non-vanishing ψ.
Example 6.4. Here is a table of some pretzel knots satisfying the conditions of Theorem 6 and their braid representatives, using Hunt's program.
Knot
Braid representative P (2, −5, −5) σ
